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Elasticity problems

High-precision stress analysis of structures under external loading represents a challenge
in civil engineering. Although meshless numerical methods show great potential for
solving such problems, their early versions often failed to provide acceptable accuracy. A
conventional approach to addressing this is the use of a mixed formulation, which
transforms second-order governing differential equations into a system of first-order
equations. In this approach, both displacements and structural stresses are treated as
unknowns. In contrast, in the original second-order formulation, only displacements are
unknowns, and stresses are typically derived indirectly from displacement fields, often
resulting in low accuracy. This research compares the numerical performance of an
improved MPS gradient model by Shobeyri (2023), a well-known meshless method, for
stress calculation via second-order equations with a mixed formulation coupled with a
least-squares method. The comparison is conducted on two benchmark elasticity
problems. The numerical findings reveal that the improved MPS method provides
superior stress accuracy. These results suggest that solving the original second-order

differential equations, followed by high-precision stress computation, offers a more
effective alternative to the mixed formulation approach.

How to cite this article: Shobeyri, G. Comparison of Numerical Performance of a Modified MPS Method with a Least Squares Method Based on a Mixed Formulation
for Elasticity Problems. Civil Engineering and Applied Solutions. 2027; 3(2): 26-36. doi:10.22080/ceas.2026.31619.1095.

1. Introduction

In recent years, numerical methods have emerged as a significant tool for solving complex and practical differential equations
within engineering fields. Broadly speaking, these methods are categorized into two main groups: mesh-based and meshless
methods. Mesh-based methods, which possess a longer historical background, involve the discretization of the computational
domain and the approximation of functions and their derivatives through meshing. However, since meshing is generally a
computationally expensive and time-consuming process, meshless methods have been developed. These methods enable the solution
of differential equations without the need for any underlying mesh, a characteristic that has led to their widespread adoption and
significant development.

Although mesh-based numerical methods are still widely used [1-8], efficient meshless numerical methods have also been
developed to solve various engineering problems. Among these methods, the Moving Particle Semi-implicit (MPS) method has
gained significant attention, leading to the introduction of various modified versions. In this approach, functions and their derivatives
are approximated via interpolation functions based on a series of scattered nodes used for domain discretization. This characteristic
facilitates the analysis of problems involving complex geometries.

Various problems in solid and fluid mechanics - such as free surface flows [9-11], convective heat transfer [12], multiphase
flows [13], fluid-structure interaction [14], the behavior of a molten jet impinging onto a solid plate [15], progressive water waves
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[16], dynamic pressure in dam-break flows [17], two-dimensional hydroelastic slamming [18], fluid lubrication [19], floating
structures in waves [20], solid particle dynamics [21], and dense granular flows [22] - have been successfully simulated using the
MPS method and its variants. Given the method's inherent capabilities, several techniques have been developed to enhance its
performance, most notably those presented in [23-29]. Furthermore, due to the significance of elasticity problems in civil
engineering, various meshless numerical methods, such as the Finite Point Method [30], MLPG [31], DLSM [32, 33], and SPH [34]
have been employed in numerous studies to analyze such phenomena.

In elasticity problems, once the second-order differential equations - treating structural displacements as unknowns - are solved,
the corresponding stresses are typically calculated using numerical methods based on the related formulas. Numerical studies have
shown that this approach may lead to reduced accuracy in stress calculation. As an efficient alternative, the second-order differential
equations of elasticity can be reformulated as a system of first-order equations that include both structural displacements and
stresses; this is known as the mixed formulation [35]. The primary advantage of this formulation is the direct treatment of stresses
as unknowns, which yields higher accuracy. However, a larger coefficient matrix is produced due to the increased number of
unknowns, leading to a significant increase in computational cost. Despite this, due to its acceptable performance, the mixed
formulation has also been applied to various other problems, such as quadratic partial differential equations and free surface
problems [36, 37].

This study evaluates the numerical accuracy of a modified MPS gradient model [38] in computing structural stresses via second-
order differential equations, comparing it with a mixed formulation coupled with a least-squares method. The investigation is
conducted using two benchmark elasticity problems. The results demonstrate that the indirect stress calculation approach, utilizing
high-precision numerical methods such as the proposed MPS model, yields superior accuracy compared to the direct stress
computation employed in the mixed formulation.

2. The governing equations of elasticity problems
The governing equations for two-dimensional elasticity problems are expressed by Egs. 1 and 2 [39].
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where u, and u,, represent the horizontal and vertical displacements, respectively, and f7, and f7;, denote the external forces in the
x and y directions. 82 is also the second-order partial derivative operator. The Lamé constants, A and y, are defined by Eq. 3.
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where v is the Poisson's ratio and E is the Young's modulus.

In the mixed formulation, a system of first-order equations comprising displacements and stresses (Egs. 4a to 4¢) is employed
as an alternative to the second-order differential Egs. 1 and 2 [35].

e T = (4a)
% 4 2oy 0‘Tyy —fr, (4b)
=0+ 2u )%u"’“y (4c)
125 A+ 2 2 0“y (4d)

Ty = u(‘% + 2 (4e)

where oy, and g,,,, denote the normal stresses and 7, represents the shear (tangential) stress. The compact form of these equations
is given by Eq. 5.

L) +F=0 (5)
where L(.) is a first-order differential operator, defined by Eq. 6.

LC) = Li()x + La()y + L3 () (6)

The vector of unknowns, ¢, is given by Eq. 7.

T
¢ = [ux' Uy, Oxx Oyy, Txy] ™)
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The vector F is similarly defined by Eq. 8.

F =[0,0,0-fr-fr,]" (8)

The operators Ly (. ), L2(.), and L3(.) can be expressed by Eq. 9.

A+24 0 0 0 O 0 A 00 0 00 -1 0 0
A 00 0O 0 A+24 0 0 0 00 0 -1 0
L= o wo oo, L=g o o0o0o0,L=[00o 0o o -1 9)
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0 00 0 1 0 0 010 00 0 0 O

3. Numerical methods
3.1. Improved MPS gradient model

In the MPS method, the gradient and Laplacian operators of an arbitrary function f are approximated in two dimensions using
a weighted averaging approach [9] as shown in Eqs. 10 and 11.

Vfi = Spmimi s (5 = 1)W (|1 — ri R) (10)
Vi = izmn—j(ﬁ- = )W (I~ x| R.) an
where i denotes the reference node, while j represents its neighboring nodes. Furthermore, r and W(|rj - rl-l, Rs) or W(lrj - rl-|)

denote the relative position vector and the interpolation function, respectively. The computational parameters n; and A are defined
by Egs. 12 and 13.

n =X W[ -l R) (12)
_ fn wr)rdo
A= Jow@an (13)

where (2 is the interaction area of node i and r = |rj - ri|.

One of the most efficient interpolation functions is expressed by Eq. 14.

W(r,Ry) = 3(r)2—5(l)+3] (14)
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where R, denotes the size of the interaction area for the reference node.

An improved MPS gradient model, characterized by remarkable numerical performance, is proposed in Eq. 15.

f = [t W ) (- r) © (5= )| [t Wi~ w0 - (5 1) (15)

This model has been successfully applied to achieve non-oscillatory stress calculations in elasticity problems. Detailed
formulations of this gradient model, including the derivation of second-order derivatives required for Egs. 1 and 2 via the MPS
method, are provided in reference [38].

3.2. The least square scheme in the mixed formulation

The first-order Taylor series expansion for a function f around a central node with position (x,, ) is given by Eq. 16.
3 3
f@y) = fo+ Jeax + 32 ay (16)
where Ax = x — xg and Ay =y — y,.
By applying this expansion to all computational nodes within the interaction area of the reference node, we obtain Eq. 17.
1 4xy Ay,
1 sz Ayz f, /ax] — (17)

1 AxN A)’N dfo/0y

where N denotes the total number of surrounding nodes.

Solving this system allows for the determination of the approximated function values at the computational nodes (f3, f2, --., fn)-
The total approximation error, ||E||, is expressed by Eq. 18.
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where W is the value of the interpolation function at node j.

By minimizing this error function using a weighted least-squares scheme, the vector of unknown parameters can be calculated
as shown in Egs. 19 and 20.

JNEN _
or 0 3 (19)
fo WP WAy LWidy LW
0fo/0x| = |ZWPAx; X WPAxP YL WPAx;Ay; Y fiWiAx; (20)
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where F = [fy,df,/0x,0f,/0y] contains the unknown values of the function and its derivatives at the reference node. The
interpolation function for this method is defined by Eq. 21.

1
- r<R
W) = {T3+773 s 21
0 r > R,
In this study, the average nodal distance (defined later as l;) is chosen for the parameter 7 (as a small value) in Eq. 21 to prevent
a zero denominator. A similar least-squares method, based on a second-order Taylor expansion, has been employed to solve free-
surface and elasticity problems, as well as elliptic PDEs [40-42].

By approximating the function and its first-order derivatives at all computational nodes, the system of first-order equations (Eqs.
4a and 4e) can be solved to obtain the unknown variables of the elasticity problem (displacements and stresses) in the mixed
formulation. This system of equations is solvable by applying the boundary conditions using the known analytical results. One
advantage of the mixed formulation is that stresses can be calculated directly with lower errors. Conversely, stresses can also be
calculated after determining the displacements from the second-order differential equations (Eqs. 1 and 2) by using the Eqgs. 4c and
4e; however, this approach may lead to larger errors.

4. Numerical examples
4.1. Cantilever beam

To compare the performance of these two numerical methods, a cantilever beam subjected to a load at its free end is examined
in the first numerical example, with the initial geometry illustrated in Fig. 1. The analytical solutions for the displacements and
stresses (iy, Uy, Oxx, Oyy, Txy) are provided in [39]. Applying the governing differential equations to the internal nodes results in a
non-square matrix. However, by incorporating the analytical solutions of the boundary nodes into the right-hand side (RHS) vector,
a square system of equations is obtained, the solution of which yields the unknowns at the internal nodes. It is worth noting that the
final system of equations resulting from the discretization of the differential equations was solved using Gaussian elimination. The
computational constants P = 1, E = 10000,c = 1,L = 16 and v = 0.25 (in SI units) are used for this test problem.

The computational nodes are initially placed at the vertices of a square grid with a spacing of [/, and are subsequently moved
randomly with a maximum displacement of kl,, where k is the randomness coefficient. To solve the problem, this coefficient is set
to 0.25, and three irregular node distributions with [, = 1/2,1/4,1/6 m are applied (see Fig. 2 with [, = 1/6 m).
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Fig. 1. The Initial geometry of the cantilever beam problem.
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Fig. 2. The nodal distribution with [, = 1/6 m for the cantilever beam problem.
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In this research, Eq. 22 is employed to evaluate the error of the numerical methods in solving this problem.
_ Y(f-f)?
En = Soenin? (22)

In Eq. 22, f; and f; represent the numerical and analytical values of the normal stress (o, ) at the nodes on the upper face of the

beam, respectively. Additionally, min(f) and Nb denote the minimum value and the total number of computational nodes on this
face, respectively.

The computational errors for both numerical methods and the utilized nodal distributions are shown in Fig. 3, according to the
defined error indicator. As observed, the improved MPS model offers higher accuracy than the mixed method.

-1.8 1 m Mixed formulation n
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Fig. 3. Error analysis of the numerical methods for the cantilever beam problem.

Fig. 4 illustrates a comparison between the calculated normal stress (a,.,) along the beam's upper edge and the corresponding
analytical results. While the MPS method yields results of acceptable accuracy, the mixed formulation exhibits significant
fluctuations, thereby highlighting the superiority of the MPS approach. Notably, despite the mixed formulation's ability to solve for
stresses directly as primary unknowns, the MPS method provides more consistent and promising results.
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Fig. 4. Comparison of computational and analytical results of stress at the top of the beam for: (a) [, = 1/2 m; (b) o = 1/4 m; and
©ly=1/6m.
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The results of meshless numerical methods are highly dependent on the size of the interaction area. In this study, the optimal
value of this parameter is selected such that the defined numerical error (Eq. 22) is minimized. It is evident that the optimal size of
R; differs for the two numerical methods, as presented in Fig. 5. As evident, the MPS method requires a significantly larger R, for
the finest node distribution compared to the mixed method to achieve minimum error, thereby increasing the computational cost
(the processor is Intel Core 15, CPU@2.00 GHz-2.6 GHz, and RAM 4.00 GB). Conversely, the larger system of equations in the
mixed method also incurs high computational expenses.

5
a5 | B Mixed Formulation

| Wim proved MPS

lp=1/2m Iy=1/4m Iy=1/6m
Fig. 5. Optimal values of R; for the cantilever beam problem.

Under these conditions, the MPS method is only moderately more time-consuming for this specific nodal distribution. For the
other two nodal distributions, both methods require approximately the same computational time (see Fig. 6). Fig. 7 illustrates the
error variations for different Ry values and the nodal distributions. It is evident that the improved MPS method exhibits less
sensitivity to changes in this parameter compared to the mixed method. In other words, reducing the R value in the MPS scheme
does not lead to a significant decrease in accuracy, but rather considerably reduces the computational cost. Considering both the
accuracy of the results and the computational cost simultaneously, the MPS method can be regarded as more efficient.
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Fig. 6. Computational times of the numerical methods for the cantilever beam problem.
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Fig. 7. Variation of numerical error for different R values in the cantilever beam problem.
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To further evaluate the numerical performance of these two methods under more complex conditions, a highly irregular nodal
distribution (k = 0.5) with [, = 1/6 m was employed. As illustrated in Fig. 8, the improved MPS method exhibits significantly
lower fluctuations in the calculated normal stress (oy,) at the upper part of the beam compared to the mixed formulation. This
demonstrates the robustness of the proposed method, even when applied to highly irregular nodal distributions. To reduce
computational costs for a fixed number of nodes, these nodes can be distributed such that a higher density is placed in regions with

higher errors.

Fig. 8. Comparison of the computational and analytical results of stress at the top of the beam for highly irregular nodal distribution

This process results in a refined nodal distribution, which is essential for achieving high accuracy in complex conditions. As
shown in Fig. 9, two different refined nodal patterns, corresponding to 1,
numerical methods investigated in this study. Fig. 10 illustrates the calculated normal stress along the upper edge of the beam for
the distributions shown in Fig. 9; these results reaffirm the superior accuracy of the improved MPS model compared to the mixed
method. It should be noted that the nodal distribution in Fig. 9b was intentionally chosen with high irregularity to further demonstrate
the remarkable capabilities of the MPS method. Consequently, the mixed method exhibits significant oscillations under such
conditions. However, when a distribution with lower irregularity is employed, such as the one shown in Fig. 9a, the mixed method
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with k = 0.5 using [, = 1/6 m.

yields results with considerably fewer oscillations.

Fig. 9. Two refined nodal distributions with different patterns with l; = 1/6 m and k = 0. 15 for the solution of the cantilever beam

Fig. 10 Comparison of the computational and analytical results of stress at the top of the beam corresponding to the refined nodal
distributions shown in Fig. 9: (a) results corresponding to Fig. 9a; and (b) results corresponding to Fig. 9b.
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4.2. Infinite plate with a circular hole

Civil

Engineering and Applied Solutions, 2027; 3(2): 26-36

The second benchmark problem in this study is an infinite plate containing a circular hole under uniaxial tension, with the
geometry shown in Fig. 11. The analytical solutions for the displacements and stresses of this problem are provided in [39]. Due to
the symmetry of the problem, a square domain in the first quadrant with a side length of 6a, (where a, = 1 m is the radius of the
hole) is considered as the computational domain. The following constants (in SI units) are applied to solve this test problem: P = 1,

E =1000and v = 0.3.

Fig. 11. The geometry of an infinite plate with a circular hole subjected to a uniaxial load.

The error indicator for this problem is given by Eq. 23.

_ 2(gi—gp*

2= Nh(malx(g))2

(23)

In Eq. 23, g; and g; represent the numerical and analytical values of the normal stress o,, at the nodes along the left edge of the
plate, respectively. Additionally, max(g) and Ni denote the maximum value and the total number of computational nodes on the

edge, respectively.

An irregular nodal distribution with [, = 1/6 m and k = 0.3 as shown in Fig. 12 is used to solve this problem. In Fig. 13, the
calculated normal stresses (o,,) along the left edge of the plate (x = 0 m) are compared with the analytical solution, demonstrating
the superior accuracy of the improved MPS model. It is worth noting that the best results are obtained based on the error indicator
defined in Eq. 23. Additionally, the performance of the numerical methods for the refined nodal distribution shown in Fig. 14 (I, =
1/6 m, k = 0.3) is presented in Fig. 15. As is evident, the MPS method once again proves its ability to produce results with high
accuracy, whereas the mixed method yields fluctuating results.
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Fig. 15. Comparison of the computational and analytical results of stress at the left edge of the plate for the refined nodal
distributions of Fig. 14.
5. Conclusions

This study evaluated the accuracy of stress estimation using numerical methods for two benchmark elasticity problems. In the
first approach, the second-order governing differential equations, with structural displacements as the primary unknowns, were
solved using the MPS method. The corresponding stresses were subsequently derived through the existing displacement-stress
relationships and a modified MPS gradient model [38]. In the second approach, the second-order equations were reformulated into
a mixed formulation comprising a system of first-order differential equations, where both displacements and stresses were treated
as unknowns and solved via a least-squares method. Based on the obtained numerical results, the following key observations can be
drawn:

e  The indirect determination of stresses using the modified MPS gradient model (Method 1) yields results with lower error
compared to the mixed method (Method 2).

e  The results of Method 1 exhibit less sensitivity to variations in the size of the interaction area.

e The accuracy of Method 1 is relatively insensitive to the increasing irregularity of the computational node distribution,
whereas Method 2 exhibits greater sensitivity to this factor.

e  Method 1 exhibits superior numerical performance for the refined node distributions.
e  Considering both accuracy and computational cost simultaneously, it can be concluded that Method 1 is more efficient.
These findings serve as a guide for selecting appropriate numerical methods to achieve high-precision stress analysis in complex,
real-world structural problems.
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